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a) Scale the problem above using the distance 4 between the plates as the length scale

and the diffusion time d%/v as the time scale. Choose a velocity scale U which
most simplifies the PDE,

b) Solve the dimensionless problem using the method of separation of variables.

You may find the following mini table of integrals helpful:
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vectors, that s, for any two vectors v and w e R” s

(@) Prove that the a rotation matrix R has the following properties:
1. Itis orthonormal, ie, R7] R=I, where I is the identity matrix.

2. Its determinant is unity (+1).
3. The magnitude of each of i

ts eigenvalues is one, i.e., if A is an eigenvalue of R, then
A=1. |
1 0 0 1
(b) Find the rotation matrix Rif R[0|={ 0.6 and R(1|=]0/.
0 08 0 0

(c) LetSbea skew-symmetric matrix (ie., ST =

= —8). Prove that the solution to the
following matrix ordinary differentia] €quation is a rotation matrix:

d
RO =SR()
R(0) = I

0 1 :
(d)IfS = [_ I OJﬁnd R(®) satisfying the above €quation.



3.

Consider the four vector fields given below:
fi=xityj g =yityj

where x and y are Cartesian coordinates and i and J are unit vectors along the x and y axes,
respectively.

(a) Calculate the curl and divergence of these four vector fields.

(b) Use the Stokes theorem to compute the four loop integrals below:

Ift=¢ft-ds Igi=¢gi-ds
S S

where ds is the line element vector along the contour of integration which is the closed
contour of a square around the origin with the four sides being x =+ 1 and y==x1.
(c) Use the divergence theorem to compute the four surface integrals below:

11ft=ff,§-dA IIgt=ffgt-dA
A A

where dA is the surface element vector whose direction is normal to the surface of

integration which is the closed surface of a cube around the origin with the six side
surfaces being x = + Ly=fxlandz=+1.
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4. Consider the following Fredholm integral equation of the second kind for the unknown
function g(x),

[ &G 0g(0dr + Ag(n) = £x),

where a, b, A are given constants (5> a),and f(x), K (x,#) are known functions. To obtain

numerical solutions, apply a simple numerical integration method to the integral term to
reduce the equation to a system of linear algebraic equations of the following form

(K+ADg=f

where K, Tare N x N matrices and the unknown vector is

[ 8(x)
8(x,)
g=|g(x;)

‘_g(xN)J

with a<x <, < ¥y <'<xy<b. Derive explicit expressions for all components in K I
and f.



