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Instructions: Do four of the five following problems. Your answers should be as
complete as possible. Extra sheets of paper are available upon request.

1. Consider the following system of equations:

x +2x, +3x, =3
2x-x,+ x, =6,
3x, + xy-kx, =4

where k is a constant.

(a) What is the matrix representation of this system of equations in the form Ax = »?

(b) Set k=1 and find X, X, and x using Gaussian elimination.

(¢) For what value of k will the homogeneous system of equations Ax = 0 have a non-
trivial solution?

(d) For this same value of k, what is the corresponding characteristic polynomial for the
eigenvalues of the matrix A? What does the result of part (c¢) say about this
characteristic polynomial?
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2. The function f(x)=exp(—x)was used to generate the following table of unequally-
spaced data:

x Jx) 3o SN
0 1 ool |
0.1 0.9048 g 060 T~ ~—
0.3 0.7408 & 0w e
05]  0.6065 o ] ] o
0.7 04966 o0 |
0.95 0.3867 000 0.10 020 0.30 0.40 0.50 0.60 0.70 0.0 0.90 1.00 1.10 1.20
1.2 0.3012 X

(a) Evaluate the integral froma=0tob=1.2 analytically.

(b) Evaluate the integral using a combination of the trapezoidal and Simpson’s rules.
Use Simpson’s rules whenever possible to obtain the highest accuracy.

(c) What is the percent error of the answer obtained in part (b)?

Newton-Cotes closed integration formulas. The step size is h = (b - a)/n.

Segments
(n) Points Name Formula
: (xg)+ f(xg)
1 2 Trapezoidal rule PRREAL ARSI
2
: ’ ( Y+4f(x)+ ( )
2 3 Simpson’s 1/3 rule (b_,,)f X) + 45+ fxy
6
. 3 (xg) +3f(x)+3f(x5) + (x1)
3 4 Simpson’s 3/8 rule (b—a)f Xo) *3/ () +3f(xp) + flxg
8
) TFlxg) +32f(x)+12f(x5) +32f(x3) + 7
4 5 | Boole’s rule (b= gy LT T2 x)) +127(xy) + 32/ (x3) + 7/ ()
90
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3. The following boundary value problem describes wave motion on a rectangular
membrane in the xy-plane that is clamped on two opposite sides (x = 0, a) and free on the
other two sides (y = 0, b):

&+82u_ 1 82u

ox*  Iy? Tetort’
and the boundary counditions:

ux=0,y,)=u(x=a,y, ) =0, and ulx,y=0,1= u(x,y=b,1)=0.

Here, u(x, y, t) is the displacement normal to the surface, ¢ is time, ¢ is a constant
representing the speed of propagation of the waves, and u , =0uldy.

Find the solution of the above PDE with boundary conditions by the method of

separation of variables. Note that your result should be general in terms of the time
integration.

'3

b

free

clamped clamped

free a  x
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4. Green’s theorem states:

oN oM
;fM (x, y)dx + N(x, y)dy = J;J‘[—a?—g]dady,

s

where A is an area in the xy-plane and !/ is its perimeter.

—»
x
y
Stokes’s theorem states:
§l7~df=JJ'(Vx17)-dZ, l
! A
where A is a surface in xyz-space and / is its perimeter. >
X
Show the relationship between the above two theorems. /
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5. A spring-mass system under an external sinusoidal force is described by the following
initial value problem:

my +ky = Asin(bt), y(0)= y(0)=0.

Here, m, k, A, and b are all strickly positive constants and 5(r) = d? y(£)/dt*. Solve this
problem using the Laplace transform method. In your work, consider the two cases (1)
k/m#b®and (2) k/m=b?.

Use the following Laplace transform table, where a>0 is a constant.

L[e—ar]= 1
st+a
I t" e = L , n=123,...
(n-D! (s+a)"
L{sin(ar)] = ———
S +a
L[cos(at)] = J
s?+a®
1 s
L[—tsin(at)] =
[2a n(an)} (sz+a1)2

st—a?
Litcos(at)] = —nc—
[tcos(at)] Tral)
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5. A spring-mass system under an external sinusoidal force is described by the following
initial value problem:

my +ky = Asin(bt), y(0) = y(0)=0.

Here, m, k, A4, and b are all strickly positive constants and y()=d*y(¢)/dt*. Solve this

problem using the Laplace transform method. In your work, consider the two cases (1)
k/m=b®and (2) k/m=>b>.

Use the following Laplace transform table, where a>0 is a constant.

1

Lile™]=
s+a
l n-l_-~at 1
L t"e™]= , n=123,
(n-1)! (s+a)"
L[sin(a?)] = — a >
s“+a
s
Llcos(ar)] = = >
s“+a
| s
L[—:t )] =———
[2a sin(ar)] (s* +a?)?
s’ —a’

L[f cos(at)] = m)—z



M.E. Ph.D. Qualifying Examination Control Number:
Applied Mathematics Fall 1998

4. Green’s theorem states:

g
05 ) NGy = [g—f -2 ey,

where 4 is an area in the xy-plane and / is its perimeter.

Stokes’s theorem states:

§I7-di=”(V><I7)-d2, I

where 4 is a surface in xyz-space and / is its perimeter. >
Show the relationship between the above two theorems. /
z
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3. The following boundary value problem describes wave motion on a rectangular
membrane in the xy-plane that is clamped on two opposite sides (x=0, a) and free on the
other two sides (y = 0, b):

62u 62u _ 1 6214

+ ,
axZ ayZ C2 atz

and the boundary counditions:

ux=0,y,)=u(x=a,y, 1)=0, and u(x,y=0,0= ux,y=b,6=0.
Here, u(x, y, ¢) is the displacement normal to the surface, ¢ is time, c is a constant
representing the speed of propagation of the waves, and u , =0uldy.
Find the solution of the above PDE with boundary conditions by the method of

separation of variables. Note that your result should be general in terms of the time
integration.

yA
free
b
clamped clamped
)
free a x
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2. The function f(x) = exp(-x)was used to generate the following table of unequally-

spaced data:
x [
0 1
0.1 0.9048
0.3 0.7408
0.5 0.6065
0.7 0.4966
0.95 0.3867
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1.00
0.50
0.80
0.70
= 060
1 0.50
?" 0.40
0.30
0.20
010
0.00

\‘
]\\I

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20

X

(a) Evaluate the integral froma=0tob=1.2 analytically.

(b) Evaluate the integral using a combination of the trapezoidal and Simpson’s rules.
Use Simpson’s rules whenever possible to obtain the highest accuracy.

(c) What is the percent error of the answer obtained in part (b)?

Newton-Cotes closed integration formulas. The step size is h = (b - a)/n.

Segments
(n) Points Name Formula
! 2 | Trapezoidal rule | (5- 2002 1)
2

1 4

2 3 Simpson’s 1/3 rule | (5 - L2007/ * fx)

6

: ; )

3 4 Simpson’s 3/8 rule | (¢-a) S(xg) +3/0x)) +3/(xp) + f(x3)

8
7 32 12 2 7
4 5 Boole’s rule (b-a) S(xg) +32/(x)) +12/(x) + 32/ (x3) + T/ (x4)

90
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Instructions: Do four of the five following problems. Your answers should be as
complete as possible. Extra sheets of paper are available upon request.

1. Consider the following system of equations:

X +2x,+3x; =3
2x-%,+ x, =6,
3x, + x,-kx; =4

where £ is a constant.

(a) What is the matrix representation of this system of equations in the form Ax = 5?

(b) Set k=1 and find x, X, and x_using Gaussian elimination.

(c) For what value of & will the homogeneous system of equations Ax = 0 have a non-
trivial solution?

(d) For this same value of k, what is the corresponding characteristic polynomial for the
eigenvalues of the matrix 47 What does the result of part (c) say about this
characteristic polynomial?
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2. The function f(x) = exp(—x) was used to generate the following table of unequally-
spaced data:

x X 100
- Jx) 1 o N \
0.1]  0.9048 o 160 SN
0.3 0.7408 Egig ~——

0.5] _ 0.6065 ® o T \l \l
0.7 0.4966 g(',gL
0.95 0.3867 0.00 0.10 020 0.30 040 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20

1.2 0.3012 i

(a) Evaluate the integral froma=0tob=1.2 analytically.

(b) Evaluate the integral using a combination of the trapezoidal and Simpson’s rules.
Use Simpson’s rules whenever possible to obtain the hi ghest accuracy.

(c) What is the percent error of the answer obtained in part (b)?

Newton-Cotes closed integration formulas. The step sizeis h = (b - a)/n.

Segments
(n) Points Name Formula
1 2 | Trapezoidal rule PRSI IASAS
2
i 4
2 3 Simpson’s 1/3 rule | (»-a) S(xg) +47(x)) + fxy)
6
. ; ;
3 4 | Simpson’s 3/8 rule | (b - gy LU0 3D 3 (xz) + £xy)
8
U 32 12 32 7
4 5 Boole’s rule (b 0y LEQ F32 1) + 12/ (xy) + 32/ (x3) + T/ (x4)
%
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3. The following boundary value problem describes wave motion on a rectangular
membrane in the xy-plane that is clamped on two opposite sides (x = 0, @) and free on the
other two sides (y = 0, b):

%u 2% 1 0%

+ - ’
xt ot o or

and the boundary counditions:

ux=0,y,)=u(x=a,y, ) =0, and u(x,y=0,0= ulx,y=b,0=0.

Here, u(x, y, 7) is the displacement normal to the surface, ¢ is time, ¢ is a constant
representing the speed of propagation of the waves, and u, =ou/oex.

Find the solution of the above PDE with boundary conditions by the method of
separation of variables. Note that your result should be general in terms of the time
integration.

y A
free

b

clamped clamped

free a x
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4. Green’s theorem states:
YA
ON oM
M(x,y)dx + N(x, y)dy = ||| — - — {xdy,
: 5-%
where A is an area in the xy-plane and ! is its perimeter. )
4,
X
y
Stokes’s theorem states:
§I7-di=”(er7)-d2, !
{ A

where A is an surface in xyz-space and /is its perimeter. >
Show the relationship between the above two theorems. /
z
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5. A spring-mass system under an external sinusoidal force is described by the following
initial value problem:

my + ky = Asin(b), y(0) = y(0)=0.

Here, m, k, 4, and b are all strickly positive constants and j(z) = d W)/ dt?. Solve this

problem using the Laplace transform method. In your work, consider the two cases (1)
k/m « b’ and (2) k/m = b’

Use the following Laplace transform table, where a>0 is a constant.

1

Lle¥)]=——
s+a
L[ " ‘“’]=—1_, n=123,
(n-1) (s+a)"
L[sin(ar)] = ———
s*+a
L[cos(at)] = ———
s’+a
1 s
L[—tsin(at)] = ———
[2a sin(ar)] (s> +a?)?

2 aZ

L[t cos(at)] = 5‘2‘_2?
(s"+a%)



