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Answer any five of the following six questions. Be sure to answer all parts of each
question you select.



1. Consider the following two-dimensional eigenvalue problem in Cartesian
Coordinates:

Vzpnm + ajmpnm = O’
Where
2 2
szaax_ﬁaa?’ nm=12,

2m©y)=p,.@y)=p, x0)=p, (xb)=0

Find the eigenvalues o4, the eigenfunctions p,n, (X,¥), and establish the
orthogonality property (but no need to solve it) of the eigenfunctions.



2. Consider the following vector field:
v(x,y,2) = yi =xj +(2"-1)k
where i, j, k are unit vectors along the Cartesian x,y,z axes, respectively.

Consider the region bounded by the planes z = +4 ,
and the cylinder x*> +y* =5 A o

a) Evaluate the integral §v -dr on the edge C,. C

Co

r=xi+yj+zk

»
b) Evaluate the integral ”n -vdA on the \
5

cylindrical surface S,. X /\\_-/

c) Can a nontrivial (u#0) scalar function p(x,y,z) exist such that the vector
field w = pv is irrotational? Why or why not?

d) Could v represent the steady flow of a fluid through this region? Why or
why not?



3. The function f(x) = - In (x)
(where In represents the natural logarithm)
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can be used to generate the following table of data:

X f(x)
0.10 2.3026
0.55 0.5978
1.00 0.0000

(a) Evaluate the integral from a=0.1 to b=1.0 analytically

(b) Evaluate this integral using the trapezoidal rule and the data in the table
above.

(c) Evaluate this integral using Simpson's 1/3 rule and the data in the table
above.

(d) Assume that the area is divided into three intervals. Use Simpson's 3/8 rule
to compute the value of the integral from the data in the table.

X f(x)
0.10 2.303
0.40 0.9163
0.70 0.3567
1.00 0.0000

1

X

(e) Comment on your answers.



. Consider the following boundary value problem.

2
18 2=f(x), 0<x<L
dx

u(0)=0,u(L)=0
a) Derive the Green’s function for this problem.

b) Construct the solution to this boundary value problem using the Green’s
function.

¢) What physical problem can be solved by this boundary value problem?
(optional)



5. Given the tensor A with matrix of components

0 00
[Al=) 0 2 ¢
46 & 2

(a) Decompose [A] into symmetric and skew symmetric parts, leaving £ asa
variable.

(b) Determine the value of £ for which at least one of the three eigenvalues

of the symmetric part [A],,,, is equal to 2. For this value of &, determine
the other two eigenvalues as well.

Are the eigenvalues real? Why or why not?
(c) Determine the unit eigenvectors of the symmetric part of A for the value
of £ found in part (b)

(d) Is this set of eigenvectors linearly independent?

(e) Is [A] orthogonal? Why or why not?




6. Given the differential equation y+ 2y = Ssin# with initial condition y(0) =1, use
Laplace transforms (a table is provided) to answer the following questions:

a. Determine Y(s), the Laplace transform of y(¢) .

o

Solve for y(z) .
c. Sketch the transient part of y(¢) .

d. Sketch the steady state part of y(r)

®

Apply the final value theorem and explain the result.
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Table 6-2. PROPERTIES OF LAPLACE TRANSFORMS
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